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Abstract In the present paper, we describe the recent approach to residue
currents by M. Andersson, J. E. Bjork, H. Samuelsson [2, 12, 13], focusing
primarily on the methods inspired by analytic continuation (which were initi-
ated in a quite primitive form in [8]). Coleff-Herrera currents (with or without
poles) play indeed a crucial role in Lelong-Poincaré type factorization formu-
las for integration currents on reduced closed analytic sets. As revealed by
local structure theorems (which could also be understood as global when
working on a complete algebraic manifold due to the GAGA principle), such
objects are of algebraic nature (antiholomorphic coordinates playing basically
the role of “inert” constants). Thinking about division or duality problems
instead of intersection ones (especially in the “improper” setting, which is
certainly the most interesting), it happens then to be necessary to revisit
from this point of view the multiplicative inductive procedure initiated by N.
Coleff and M. Herrera in [14], this being the main objective of this presenta-
tion. In hommage to the pioneer work of Leon Ehrenpreis, to whom we are
both deeply indepted, and as a tribute to him, we also suggest a currential
approach to the so-called Neetherian operators, which remain the key stone
in various formulations of Leon’s Fundamental Principle.
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1 From Poincaré-Leray to Coleff-Herrera construction

Let X be a complex n-dimensional analytic manifold. Consider M < n closed
hypersurfaces Si,...,Sy in A that intersect as a non empty complete in-
tersection, that is, the closed analytic subset V' = ﬂjle S; C X is purely
(n — M)-dimensional (all its irreducible components have complex dimension
n—DM). When S, ..., Sjs are assumed to be smooth and moreover to intersect
transversally, a well known construction by J. Leray [22] (see also [1]) leads
to the construction (from the cohomological point of view) of the iterated
Poincaré residue morphism from HP(X \ Sy U---U Sy, C) into HP~M(V,C)
(paired with its dual iterated coboundary morphism) when p > M. Follow-
ing a currential (instead of cohomological) point of view, the construction
proposed by N. Coleff and M. Herrera in [14] allows to drop the assumption
about smoothness of the S;’s and the fact they intersect transversally, keep-
ing just (for the moment) the complete intersection hypothesis. We propose
here to make explicit in this introduction the bridge between such currential
construction and J. Leray’s approach. In order to do that, one recalls a con-
cept, which is of interest by itself for algebraic reasons, of multi-logarithmic
meromorphic form (25, 7]).

Definition 1. Let X and Si,..., Sy, V be as above. A meromorphic (p, 0)-
form w on X (M < p < n), with polar set contained in U]Ni1 S;, is called
multi-logarithmic with respect to S, ..., Sy if and only if, for any z € V,
one can find an open neighborhood U, of x, M holomorphic functions
51,2+ 8SM,z in Uy such that:

e foranyj =1,..., M, the hypersurface S; C X is defined in U, as {s; » = 0};

o dsy zA---Adspr,, is not vanishing identically on any irreducible component
of V in Uy, that is the complete intersection V N U, is defined by the s; 4,
j=1,...M, as a reduced complete intersection;

e for any j = 1,..., M, the differential forms s, ,w and s, , dw (or, which is
equivalent, s; ;w and ds; ; Aw) can be expressed in U, as le\il wy, where
wy is a meromorphic form with polar set contained in Ul/# Sy NU,.

Consider X, the S;’s and w as in Definition 1. Let Vi, be the set of
singular points of V' and let U = X\ Viing. The closed hypersurfaces X; =
S;NU Cc U, j=1,..,M (considered as closed hypersurfaces in U) are
smooth and intersect transversally in some open neighborhood UcUofW =
ﬂjM:l 2);. Under these conditions, one can define on the complex submanifold
W C U the Leray-Poincaré residue Resy, ... x,,[w] of the meromorphic form
w (considered as multi-logarithmic in Ij’, with respect to X1, ..., X'pr). Let us
recall here this construction. For any x € W C V, one can find an open
neighborhood U, in U so that ds; ; A--- Adsyr,,, does not vanish identically
on any irreducible component of VNU,. If y € W NU, and ds1,(y) A
-+ Ndsyg(y) # 0, then {s;, = 0} is necessarily a reduced equation for
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the complex submanifold X; about y. In a neighborhood U, , C U, of such
y € WNUyg, dsiz N - - ANdsprp does not vanish and thus one can write
a local division formula (iterating with respect to j = 1,..., M, the division
procedure for differential forms, as introduced by G. de Rham and extensively
used in [22]) :

N ds;
_ j,x
w (j/_\l S ) ATy ylw] + 05 yw],
where the (p — M, 0) form 7, ,[w], also denoted by resx, . x,, z[w], and the
(p,0) form o, ,[w], are both meromorphic, of the form ), ¢; 2.y, ¢i1,2,y being
a meromorphic form in U, , with polar set contained in J,, £l S;:. The re-
striction of every 7, ,[w] to W is a 0-closed, holomorphic (p — M) differential
form on the closed submanifold W N U, ,. All such forms ress, . s, W],
for x € W, fit together to form a holomorphic, d-closed form on the closed
manifold W, which is precisely the Poincaré-Leray residue of w on W and
is denoted as Resy, ... 5, [w]. Such an holomorphic (p — M)-differential form
on the manifold W C U defines a (p, M) current on U :

Resy, .. .oylw]: ¢ € D"_p’"_M(U7 C) — / Resy, . .oulwlAe. (1)
w

The main issue now is to extend (in some standard way) the (p, M)-current
(1) to a (p, M)-current T over the whole manifold X, such that suppT C
W and 0T = 0. There are different ways of doing this, but, for reasons of
algebraic nature that will be made explicit later on, the one we adopt here
is based on the analytic continuation of meromorphic current valued maps.
The use of this approach in different settings is the main theme of the present
paper. It is based on an algorithmic construction of O-closed currents sharing
a common holonomicity property.

To be more specific, we consider a finite collection f1, fa, ..., f;n of holo-
morphic functions in an open set 2 C C", where m < n, and a collection of
natural numbers q1, qo, . . . ¢ € N. We define now the current

=0 (%) 1, =70 i) ]

1

where [f1 = 0] denotes the principal Weil divisor div (f1). For a holomorphic
function h in £2, there exists, by the result of C. Sabbah [26] (completed later
on by A. Gyoja [19]), about any point z in {2, a local formal Bernstein-Sato
equation

Q.(A1, X2, ¢, 0/0Q) W ] = [ [(w. + onuds + a2, de) K2, (2)

L

where o, € N*, (a1,,a2,) € N2\ {(0,0)}. This result extends to the
context of two functions a deep result due to M. Kashiwara [20]. Exploiting
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this local formal equation (2) in the sense of distributions in a neighborhood
U, of z, one has, by lifting the antiholomorphic polar parts, that

22
b0 2a) (P51 24) = Gormally) b0, 30) BT e =
P 3)
= . h
= 0. (20, C.0/00) |2 711 .

whenever ReA\; >> 1, Re\s >> 1. Using the fact that any distribution
coefficient 7 of the current qu, 1 can be achieved through analytic continuation

as T = [Ty, |a, =0 (Where 7y, is a distribution coefficient of d(| f1|?*1/f{')), one
deduces from (3) the identity

b

— — e h
b2(0.%) (F— ©7) = 0u(0,22,C.0/00) | (1n2+ ) 7]
(in the sense of distributions about z) for Re Ay >> 1. Iterating the above
identity M times, one gets

|h|2)\2 ) _

bz(oa)‘Q)"'bz(O,AQ—FM— 1) (T QT

=M (4)

= Q. m(A2, ¢, 0/00) {(|h|2'\2 T) ® 7’}
for some differential operator 9, ps. Provided that M is sufficiently large,
one deduces from (4) that the map

|h|2)\2 Tf

)\2 — h q,1

can be continued as a holomorphic map to some half-plane {Re Ay > —n}.
Furthermore, if u is an invertible holomorphic function in {2, then any dif-
ferentiation of |u|?*? generates Ay as a factor. Thus the value of the analytic
continuation of

)\2i—>

2 e )
n o=

at A2 = 0 is independent of w. This is a remarkable holonomicity property
allowing us to use the above process iteratively. In particular, the definition

of
o= P(EE )], - () Al

2

is then justified. In a similar manner, by using slightly more general form of
(2), given by
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m—1 m m—1
Q- (A1, oo Ay G, 0/00) [ T 17| = (TT (ot cuss) ) e TT 7
j=1 Jj=1 J=1

L

one can construct a current Tf 3 (for m = 3) by multiplying the current
Tf 2 with a suitable meromorphlc function. One continues this iteration of

the analytic continuation process until the current 7, qu m 1s constructed. What
is important in this approach is that it is algorithmic and essentially alge-
braic, because of the use of Bernstein-Sato relations. No log resolution of
singularities is explicitly involved in the picture. Furthermore, this procedure
mimics the Leray iterated residue construction. An interesting application of
the above approach is the following :

Proposition 1. Let X, the S;’s, V, and w be as before. Let U = X\ Vsing, and
Y;=8;nU forj=1,..,M. The closed hypersurfaces X1, ..., X (inU) are
smooth and intersect transversally in some open neighborhood (in U) of W =
ﬂJ 1 Xj, which allows to define the Poincaré-Leray residue Ress, . s, [w]
as a (p — M,0) holomorphic form on the closed submanifold W of U. The
associated (p, M)-current Resy, ... s, |w] in U, acting as (1), is the restriction
of a 0-closed (p, M)-current T over X, with SuppT C V.

Proof. Let x € V and U, be the neighborhood attached to the multi-
logarithmicity of w as described in Definition 1. Since w is a meromorphic
form with polar set in UJA/il S, one can express w in U, as

Va

~ T@= M,z
S1z " SM

where ), is holomorphic in U,. Consider the 'D®M )(UI, C)-valued map de-
fined on {ReA; >>1,...,ReApy; >> 1} as

1)M(M—1)/2
SI,A17.4.7)\]\4 — ( ) 2)\
(Ao Aar) — R o] = gy — (/\8|s”| ) Aw

s (AP e

The reverse order of indices expresses here the absorption of the factor
A \M(M—1)/2
(U@T' It is known indeed from [27] that the current valued map

Ql

()\1, ceny )\M) — st;)\17...,)\M [W]

can be continued analytically as a function of M complex variables (A, ..., Aas)
to {ReA; > —n,....,Re Ay > —n} for some n > 0. The proof of such result
relies deeply on the use of a log resolution X = X such that = ![ S5l is
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a hypersurface with normal crossings. The approach we developed above for
construction of d-closed (p, M)-current in U, through the iterated analytic
continuation process

R [w] = H - HRT”\“””\M MLFJ NP 'LM_FOLM:O’

is applied at this point, taking successively A; up to {ReA; > —n}, then
A2 up to {ReXy > —n9}, and so on. Note, (again) that the argument does
not seem (apparently) to require the use of an appropriate log resolution to
resolve singularities (namely here that of the hypersurface defined as the zero
set of Afy -+ fm—1), but this is indeed hidden behind the fact that there exist
local Bernstein-Sato equations. This current R*=[w] is also denoted as

R [w] = (Zia(J)) Ay .

To show that all R*=[w], for the different U,., globalize into a d-closed, (p, M)-
current over X, we use the holonomy of the currents under consideration.
That is, for any holomorphic functions w, h, in U, with 4 non-vanishing, the
current valued function

h)\
A€ {Red>> 1} — %RS% ]

can be continued analytically into a half-plane {Re A > —n}, whose value at
A = 0 is independent of u. The global d-closed (p, M )-current thus obtained
is denoted as R[g,],.q,....[Sa]ved [w]. This reflects the fact that it depends only
on the meromorphic form w and on the reduced cycles corresponding to the
closed hypersurfaces S1, ..., Sps (with respect to this ordering). In a neighbor-
hood U, , of some y € W N Uy, as introduced before, the /D(”’M)(ULy,C)—
current-valued map

(/\1, ,)\M) S {Re/\j >1;5= 1,...,M}
1 = Mds;
— W( | 8|sj’x|2>‘j) A ( /\ jm) ATy ylw]

can be continued as a holomorphic map to {ReX; > —1; j =1,..., M}, with
value at Ay = --- = Apy = 0 the (p, M)-current

@ € DP=M) (7 C) Ress,, . suw] Ay,
wWnU,

Note that one has in such neighborhood U, ,, for ReA\; >>1,j=1,.... M,
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</\ a(' J;IT )) A= ( /1\ Dol (/1\ dS”)Mx,y[w}

j=M j=M j=M Sj
1
+( /\ 5\5j7m|2)‘j) A Ogylw].
j=M

Thus, one obtains, for any ¢ € D"~ P"~"(U,,,C),

<R[s1]md,..‘,[smmd [, <P> = / Ressy,. oW A
WnU,

This comes from the fact that the "D®M) (U, ,, C)-current-valued map

1
()\1,...,)\M) — ( /\ 5|5j,z 2
j=M

is holomorphic in {Re\; > —1; j =1,..., M} and takes the value 0 at \; =
-+ = Ay = 0. Finally, using the covering of V by the U,, x € V, one
concludes that the (p, M)-current defined in U = X \ Vjing as

j) A Og ylw]

.....

can be continued as the 0-closed current T = RIS\ ]r0a,.. [Sar]rea W] OVer the
whole manifold X. Note that the support of T satisfies suppT C V.

2 Regular holonomy of integration currents

Let X be a n-dimensional complex manifold and V' C & be a closed, purely
dimensional, reduced, analytic subset of codimension M. El Mir’s extension
theorem, [17], implies that the integration current [V] is defined as the unique,
positive, d-closed, (M, M)- current over X such that, for any test function

(10 e D(H—M,H—JW)(X \ ‘/;ingzc);
== e

It is important to point out here that the closed analytic set V' is consid-
ered as being embedded in the ambient manifold X'. This will be revealed
to us to be important for two reasons : firstly with respect to connections
between intersection and divisions problems in X’ (that one intends to study
jointly), closed analytic subsets in X need to be understood (and studied)
in terms of their defining equations. Secondly, the Coleff-Herrera sheafs of
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currents CHy v and CHy v (-; »S) that we will introduce in the two follow-
ing sections are indeed sheafs of currents in X', with support on V', which
depend in a crucial way on the embedding ¢ : V — X. Therefore, instead
of working on the complex analytic space (V,(Ox)v), using for example a

log resolution V -, V for some closed hypersurface Hgine on V, satisfying
Vsing C Hging, we will work in the ambient manifold A" and keep as far as pos-
sible to methods based on the use of Bernstein-Sato type functional equations
[20, 26, 19]. We will use extensively in this section the methods introduced
to prove Proposition 1. These methods allow the possibility to define (in a
robust way) the exterior multiplication of the integration current [V] with a
semi-meromorphic form w whose polar set intersects V' along a closed analytic
subset W satisfying dim W < dim V. Recall here that 'D®%) (X, C) denotes
the space of (p,q)-currents on X, acting on the space D"~?"=9 (X C) of
smooth (n — p,n — ¢)-test forms on X.

Proposition 2 (an holonomicity property). Let X and V C X be as
above. Let h,u € Ox(X). The "DMM)(X)-valued map

27
(A u) € {ReA>>1,Rep >> 1} — |u|g”% V]
can be continued analytically as a holomorphic map to the product of half-
planes {Re X > —n,Rep > —n} for some n > 0. Moreover, if V \ {u =0} =
V', then the value of this analytic continuation at A = p = 0 remains un-
changed if one replaces |u| by 1. When V' \ {h =0} =V, the construction of
the principal value current

1 - |h|2/\
== 5= (5)
s “robust” in the following sense:
l _ 2n |h‘2>\ _ 2n l
U (e e o N (T v (6)

for any holomorphic function u € Ox(X) such that V\ {u=0}=V.

Proof. The second assertion in the statement of the proposition is a conse-
quence of the first. If V'\ {u =0} = V, i.e. |u| does not vanish identically
on any component of V (hence [|u|?*],—o = 1 almost everywhere on such
component), one has

Jul*

B2y =y,

h pn=0 N h

for Re A >> 1. Assume the first assertion, namely that the current-valued
function (5) is holomorphic in two variables in a product of half-spaces
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{ReX > —n,Repu > —n} for some n > 0. Then, following the analytic con-
tinuation in A up to A = 0, one gets:

[ R e S NI

This proves the second assertion (under the assumption that the first one
holds).

In order now to prove the first assertion above, let us reduce the situation to
the local one, that is, when X is a neighborhood {2 of the origin in C". One can
assume that V' (defined in {2 as the common zero set of holomorphic functions
V1, ..., U in H(§2)) is the union of a finite number of irreducible components of
the complete intersection V= {fi=-=fu=0}, withdfi A---Adfass 20
on each such component ([18], p. 72). Let v be a linear combination of vy, ..., vy
which does not vanish identically on any of the irreducible components of
the complete intersection V', which are not irreducible components of V.
We introduce from now on the notation VXV to denote the union of the
irreducible components of V' which are not entirely contained in V. Let uging
be an holomorphic function in X such that XZing C {Using = 0} and uging # 0
on any irreducible component of V. Let us introduce the differential (M, 0)

form
_dfi N ANdfg
YT TRt
and the O-closed (M, M) current
Ty
@impt NN N dfar = RS0l =0 W)

where the current Tlf s is defined by the iterated process

- 22 - 2X1
T/, = [a(%) A [a(fl}l 0ol

considered in the proof of Proposition 1 where also the notation Respw] was
introduced. Using Bernstein-Sato equation (2) (here for M + 4 functions),
still in its conjugate form, one can prove that the current valued function

(A 2% |2V 2#@;{
s s Vy @) = Using " [0]* |ul A OS[f1=0]

reds--o> [fM=0]red [W}
can be continued from
{\ p,v,m); ReA>>1,Rep >>1, Rev >> 1, Rew >> 1}

to a product a half-planes
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{(A\, u,v,w); ReA > —n, Rep > —n, Rev > —n, Rew > —n}

for some i > 0. Moreover, when ReA >> 1, Rey >> 1, Rew >> 1, the
value at v = 0 of

|h|2)\
v [tging] * (1 — [0]*) [u[** g ReS{fi=0heas 31 =00ea @]
is equal to the current
|h|2)\

V1.

|using|2w |U|2M h
Keeping Re A >> 1 and Rep >> 1 and taking the analytic continuation in
w up to w = 0, we get precisely the current

|h|2/\
h

[ul

V1.

3 “Holomorphic” Coleff-Herrera sheaves of currents

Given an n-dimensional analytic manifold &', together with a closed, purely
dimensional reduced analytic subset V' (of codimension M), the (“holomor-
phic”) Coleff-Herrera sheaf CHy v (-, E) of E-valued (0, M)-currents, where
E — X denotes an holomorphic bundle of finite rank over X', plays a ma-
jor role in division or duality problems. The local description of its sections,
together with the subsequent properties, suggest how one can profit from
the 2n local parameters (i, ..., (n,Cq, -, C,, instead of just the n “holomor-
phic” ones (i, ..., (. Thinking heuristically, the antiholomorphic local coor-
dinates (y,...,(,, remain unaffected by the holomorphic differentiations in-
volved in the action of such currents. For example, if Ay, ..., Ay; are Cartier
divisors on X and s1,...,s) denote corresponding holomorphic sections of
the Aj;’s such that the hypersurfaces sj_l(O) intersect properly (that is, de-
fine a non empty complete intersection on X'), then the usual Coleff-Herrera
residue /\;Vi1 9(1/s;) stands as a global section of the Coleff-Herrera sheaf
CHx v (-, E), where E = A\ Ox(-4,).

The concept and its importance were pointed out by J. E. Bjork in [11, 12].
The original construction of global sections for such sheaves is due to N. Coleff
and M. Herrera in [14]. In this section, we will recall the definition of the
sheaf CHx v (-, E) (following the approach of J. E. Bjérk, M. Andersson, H.
Samuelsson [11, 12, 2, 13]), together with the local structure of its sections
(which justifies their operational properties). Since our objective all along
this presentation is to stick to the methods based on analytic continuation
(which seems to be a natural way to introduce the objects algebraically, for
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example by using Bernstein-Sato functional equations as (2)), the approach
we adopt here follows that developped by M. Andersson in [2].

Definition 2 (the Coleff-Herrera sheaf CHy v (-, E)). Let X, V, E be
as above. The (“holomorphic”) Coleff-Herrera sheaf CHy v (-, E) is the sheaf
of sections of (0, M) E-valued currents T' on X, with support on V', which
satisfy the three following conditions :

1. For any holomorphic function « in a neighborhood of V, satisfying
VA{u=0}=V,
the current-valued function
A€ {Red >> 1} — [u/ T

can be analytically continued as an holomorphic map to {Re A > —n} for
some 7 > 0, and
[ul* TIazo =T

(that is, T satisfies the Standard Extension Property (S.E.P) with respect
to its support V).
2. One has, in the sense of currents,

(IV)COIlj T= 07

where (Zy )conj denotes the complex conjugate of the ideal sheaf of sections
of Ox that vanish on V.
3. The current T is 0-closed.

Global sections of this sheaf, that is elements in CHy v (X, E), are called
E-valued Coleff-Herrera currents (with respect to V) on X.

Action of adjoints of “simple” holomorphic differential operators with val-
ues in the dual bundle E* on integration currents provides us with an example
of Coleff-Herrera sheaf of currents. To be more specific :

Ezxample 1. Let D be a Cartier divisor in X and U be an open subset in
X. An holomorphic differential operator with analytic coefficients Qu
Coo (U, E) — O3 (U, Ox (D)) is said to be (n,n — M)-simple
in U if its splits as l

Quly] = qulp] Nwu,

where gy denotes an holomorphic differential operator from on— u (U, EY)
to C§5,_n (U, E*) and wy is an element of QMU E @ Ox(D)), that
is a global section over U of the sheaf of E @ Ox(D)-valued (n — M)-
holomorphic forms. Let us denote as D?(’"*M(-, E*, D) the sheaf whose sec-
tions over U C X are (n,n — M)-simple holomorphic differential operators
with analytic coefficients from Cp°, 5, (U, E*) into C;° 5/, (U, Ox(D)).
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If Qu € D" (U, E*, D), let Qf be the adjoint operator which trans-
forms elements from "DM-M) (U, O (—D)) into elements in ‘DOM)(U, E) as
follows :

(QulTl.¢) = (T.Qulel), ¥ e D" (D).

If hyy denotes an holomorphic section of D in U such that (V N U) \ {h;'(0)} =
VNU and Qp € %" (U, E*), then the current

L[V NnU]
Tv = QU[ ho }
(where [V NU]/hy is defined as in (6), see Proposition 2) fulfills conditions
1 and 2 in Definition 2. This follows from the fact that the current valued
function

pe (Rep>> 1} — P @ 1 [V

is analytically continued to Rep > —n and that its value at g = 0 does
not depend on u as soon as V \ {u =0} = V. This shows that Q*[} [V]ed]
satisfies both the holonomy property and the standard extension property
with respect to V, exactly as + [V]req does. If it is additionally d-closed (which
unfortunately cannot be read directly on the operator with meromorphic
coefficients Qu /hy), then Ty fulfills also condition 3 in Definition 2 and
therefore is a global section of the Coleff-Herrera sheaf CHy v (-, E) over U.

Let U be an open subset of X. The local structure result established in
([2, 11, 12, 13]) can be stated as follows : when T € "DOM)(U, E) is a 0-
closed current, T' € CHy v (U, E) if and only if, for any = € U, there exists a
neighborhood U, C U of x in U, a section Q, € D"~ M(U,, E*,C) and an
holomorphic function h,, in U, such that VNU, \ {h, =0} =V NU, and

[VﬂUz]]

Tu, = Q;[ I

The local structure result, besides the fact that it provides a useful local rep-
resentation of sections of the Coleff-Herrera sheaf CHy v (X, E), also empha-
sizes that only holomorphic differential operators are involved in the action
of such currents (which explains indeed why they do play a role of algebraic
nature despite their analytic structure).

It is important also to point out that, when X = P™(C), such a local struc-
ture result reflects (thanks to the GAGA principle) into a global structure re-
sult in this algebraic setting. The matrix of differential operators Qx ;s x in-
volved in the definition of @ x, when expressed in local coordinates ({3, ..., ()
in some affine chart, as



Coleff-Herrera currents revisited 13

QX[( Z SDIdZI)/\dQ/\'”/\an} =

JC{l,...,n}
|J|=n—M
9 _
= Y ( > QXJJ,K(Q*)[@K]) d¢y NdCr,
o¢
1,Jc{1,...,n} KC{1,...,n}

[|=[J|=n=M |K|=n—-M

becomes a matrix of differential operators with polynomial coefficients, while
the polar factor hy corresponds here to a polynomial section of the bundle
Ox (k) for some k € N. Such differential operators with polynomial coeffi-
cients are of course reminiscent of the Netherian operators involved in the
formulation of the Ehenpreis-Palamodov fundamental principle [16, 24, 10, 5].
For example, when Py, ..., Py; are M homogeneous polynomials in [zg : -+ :
zp| defining a complete intersection V' in P™(C), a global section of the Coleff-
Herrera sheaf CHy v (-, /\i\/f Ox(—deg P;)) can be used to test the member-
ship to the ideal (P,..., Pyr). Note also that local structure results of this
type originally go back to the work of P. Dolbeault [15].

4 “Meromorphic” Coleff-Herrera sheaves of currents

Intersection and division problems (in the case of proper intersection) are
intimitately connected through the Lelong-Poincaré equation : namely, if
Ay, ..., Ay are M Cartier divisors on a complex manifold X, together with
respective metrics | |; and holomorphic sections s; such that the sj_l(()) in-
tersect as a non empty complete intersection s71(0), then the integration
current [div (sq)e---ediv (sps)] (the operation between cycles being here the
intersection product in the proper intersection context) factorizes as

M
[div(sy) e ediv(sy)] = ( A 5(1/sj)) AD1s1I A~ ADarsar
j=1

where /\;\4=1 0(1/s;) € CHy s-1(0) (X, /\iw Ox(—4,)) is a Coleff-Herrera cur-
rent independent of the choice of the metrics | |; and d; stands here for
the Chern connection on (Ox(4;),] |;) (one could in fact replace d; by the
de Rham operator d since the choice of the metrics is here irrelevant). Un-
fortunalely, when V' denotes a (n — M)-purely dimensional, reduced, closed
analytic set in X, the integration current [V] cannot usually be factorized (lo-
cally about a point z € V') as the product of a section of the Coleff-Herrera
sheaf CHy v (-, C) with a local section of the sheaf 2%~ of (n — M)-abelian
forms. A sufficient condition for this to be true is that Oy ,/Zy,; is Cohen-
Macaulay (see [3]). In general (see the proof of Proposition 2), in some conve-
nient neighborhood U, of x, there exists a factorization [V NU,| = Ty, Awy,,
where wy, € 2% M(U,) and Ty, is a section in U, of the meromorphic
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Coleff-Herrera sheaf CHy v (- ; %55, C) defined below (S, being here a closed
hypersurface in U, such that (V NU,)\ S, = V NU,). This motivates we
enlarge the concept of Coleff-Herrera sheaf, in order to tolerate holomorphic
singularities (as we proceed when we enlarge the sheaf Oy of holomorphic

functions in X by introducing the sheaf My of meromorphic functions on
X).

Let X, V, E be as in the previous section. We now add in our list of data a
closed hypersurface S in some neighborhhood of V' (in X’) such that V'\ S =
V. The hypersurface S will play the role of a precribed polar set for the
sections of the sheaves we are about to define.

Definition 3 (The Coleff-Herrera sheaf CHy v (- ;*S,E)). Let X, V, E
be as in Definition 2 and S be as above. The (“meromorphic”) Coleff-Herrera
sheaf CHy v (- ; %S, E) is the sheaf of sections of (0, M) E-valued currents on
X (M = codimy V'), with support on V, which satisfy, besides conditions 1
and 2 in Definition 2, the additional condition

Supp (0T) C VN S. (7)

In order to exhibit sections of meromorphic Coleff-Herrera sheaves (see
Exemple 2 below), the following lemma reveals to be essential. The method
we use here to prove it illustrates both the power and the flexibility of the
analytic continuation method. An alternative approach (based on the regu-
larization of currents and the use of cut-off functions) was proposed in [13].

Lemma 1. Let V be a purely (n — M)-dimensional closed analytic subset in
a n-dimensional complex manifold X. Let u,h,s € Ox(X), and satisfy

VA{h=0}=V\{s=0}=V\{u=0}=V
Let Q € 5" M(X,C) (see Example 1). The (0, M) current valued map

2n 1
(u,v) € {Rep >> 1, Rey >> 1} — |u|2”%Q* [ﬁ [V}]

extends as an holomorphic map to {Repu > —n, Rev > —n} for some n > 0,
whose value T at p = v = 0 is independent of u. The “robust” definition of
T makes it natural to denote it as

1 1
T=-Q"[-[V].
Q3 V)
The current T fulfills conditions 1 and 2 in Definition 2.

Proof. Let u € Ox(X) and p,v such that Rev >> 1, Rep >> 1. Then
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(@ 2w o) = (3 @t g [l ]

:<WM,Q[§]>+M<W[ V1], Qu,s(p, v, ¢, C)[ ]>
|2 [s[*

(MR 1, Gt 1l

where Q, s(1,v,¢,0/0¢) and @%s(u, v,(,0/9¢) are the meromorphic differ-
ential operators (polynomial in y,v) from C2%,_/(X) into C32 5/, 0/ (X),
with polar set contained in {us = 0}. One can rewrite (for some convenient
K € N, namely the order of the differential operator Q)

<W[ V], Qus(p v, ¢, 34)[ }>

|2”‘S‘2”

= <% V], Aus(p,v, G, 3C)[ ]>
h2)\ 2U | |21 o
= [ B 0 vt ol

where A, s denotes an holomorphic differential operator (polynomial in y,v)
from C2°,_ (X) into Cp° 1, 5/ (X). The same reasoning holds when one re-

places @, s by éu,s with some holomorphic differential operator gu,s instead
of A, s. Note also that

¥
where A is an holomorphic differential operator from the space C3°
into €72 5/ ,,_p- The second assertion follows from the fact that when
Re p >> 1, the (0, M)-current

)[]

|Sh|2u
S

Q|5 V]

is annihilated locally by (Zv )conj (since @ is an holomorphic differential op-
erator), which remains indeed true for the current

S

v - e

This current fulfills conditions 1 and 2 in Definition 2.

Ezample 2. Lemma 1 allows to revisit Example 1, introducing possible poles.
Let X, V, E, S be as in Definition 3. Let additionally D, A be two Cartier
divisors on X. Let U C X and hy, sy be respectively holomorphic sections
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of D and A in U, such that s;;*(0) € S and (VNU)\ hi;'(0) = VN U. Let
Q€ /D}’n_M(U, E*,D). Then the Ox(—A) ® E valued current in U

1 [VNU]
T=—Q,|———

SU QU|: hU }
belongs to CHy v (U ;x5, Ox(—A) ® E) as soon as Qu and hy are such that
the current Qf;[[V NU]/hy] is 0-closed.

Example 2 above provides in fact, what appears locally to be the de-
scription of sections of Coleff-Herrera sheaves, since one has the following
proposition (see [13]):

Proposition 3. Let X be a n-dimensional complex manifold, V be a (n—M)-
purely dimensional closed analytic subset, S be a closed hypersurface in X
such that V\'S = V. Any element T in CHy v(X;%S,C) can be locally
realized in an open neighborhood U, of x € V as T = Ts/ss, where T, is a
current in CHy v (Uy, C), s, € Ox(U,) satisfying s;(0)NU, = SNU,. This
means also that one has

T- a1 ®

with Q, € %" ™M(U,,C,C), hy € Ox(U,), satisfying (V N U,) \ hz*(0) =
V NU,, the current Q:[[V NU,]/hy] being O-closed in U,. Conversely, any
(0, M)-current T over X with support contained in V', that can be locally
expressed about each point x € V' (in the ambient manifold X ) as (8) and is
0-closed outside S, belongs to CHy v (X; %S9, C).

Proof. The second assertion follows from Lemma 1 since conditions 1, 2
in Definition 2 and (7) in Definition 3 can be checked locally. If T €
CHy v (X;%S,C) and = € V, {0, = 0} being a reduced equation for S
in an open neighborhood U, of x in X, one has 9(s,7) = 0 in U, if
s, = o) as soon as v € N exceeds strictly the order of 7 in U,. There-
fore s, 7|y, € CHy,v(Us, C) (conditions 1, 2 in Definition 2 remain fulfilled,
condition (7) in Definition 3 is now realized). One can check immediately

that .
— X (smT\Um) = T\U

S v

(the product on the left hand side being understood as in Lemma 1), which
proves that 7 can be represented as (8) in U,.

One can adapt the proof of Lemma 1 and Proposition 3 in order to get the
following result.

Proposition 4. Let X, V, E be as in Definition 3. Let T € CHy v (X, E),
A be a Cartier divisor on X, equipped with a hermitian metric | |, and s be
an holomorphic section of A. The (0, M) current-valued map
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s

we{Rep>>1}— —1T

extends as an holomorphic map to {Reu > —n} for some n > 0. Moreover,
one has that

]

0 € CHy yxve-1(0) (X;%571(0), Ox(-A) ® E),
the cml"rent being independent of the choice of the metric on A. Recall that
VAT denotes the union of irreducible components of V' which do not lie
entirely in the closed hypersurface s~*(0).

Proof. Since it is sufficient to prove this proposition locally, one can assume
that T' = Q*[[V]/h], where Q € Dx(X,C) and h € Ox(X) is not identically
zero on any irreducible component V, of V which does not lie entirely in
s71(0). For Rey >> 1, one has, since 1/h 1,110 - [V] = 1/ [V¥\s (O],
B

T= 55V -
We now notice that s does not vanish identically on any irreducible compo-
nent of VA\* " (0 which means VX\s~(0) \ s-1(0) = V¥\s"(0) Proposition
4 follows immediately from Lemma 1, combined with the second assertion in
Proposition 3 (replacing V' by VX\SA(O)).

Kl

[L a0
S Q [h[v I}

Meromorphic E valued Coleff-Herrera currents (with respect to V, and
prescribed polar set on S such that V' \ S = V) induce via the 0 operator
elements in CHxy vng(-, E). We present here an alternative proof (based on
the analytic continuation) of a key result from [13].

Theorem 1. The d-operator maps CHx vy (-; %S, E) into CHx vns(-, E).

Remark 1. Note that the morphism above is surjective (at the level of germs
at x € V) as soon as Oy /Ty, is Cohen-Macaulay [12].

Proof. Since one can reduce the problem to the local situation where F is
trivialized, we may assume from now on that F is the trivial bundle X x C.
Let 7 € CHy v (X;%S5,C). The statement in Theorem 1 amounts to check
conditions 1, 2, 3 in Definition 2 locally for the current 97 (with respect
to VN S). Then one can assume (see Proposition 3) that X = U, where
U = U, is an open neighborhood of a point z in V, T = 1/s Q*[[V']/h], with
h,s € Ox(U) satisfying

VA \{h=0}=VNU)\{s=0}=VnU,

and Q € %" MU, C,C) = D" M(U). Tt is clear that d7T satisfies con-
dition 3 since & = 0. Since T = [|s|? /s Q*[[V]/h]] ;=0 (see Lemma 1) and
Q*[[V]/h] is closed (as an element in CHy v (U, C)), one has
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| | 2# 1 f * 1
T = [ ‘[z ] ulsf =~ = A Q[ V]

h
In order to prove that conditions 1 and 2 in Definition 2 hold for 97, it is
enough to show that, when u € Ox(U) does not vanish identically on any
irreducible component of VNS NU (that is {s =u =0} NV is defined as a
complete intersection in V N U), the (0, M + 1)-current-valued function

pn=0 pu=0

1ds 1
(1.v) € {Rep >> 1, Rev >> 1} r— pfuf* [s| - ; AQ* [ﬁ [V}}

extends as an holomorphic map to {Rep > —n, Rev > —n} for some n > 0,
whose value at 4 = v = 0 is independent of u and is annihilated (as a current)
by (Zvnsnt )eonj. Shrinking U = U, about z, if necessary, one can assume
that there exists a holomorphic differential operator Q & CDSL(’"*M*l(U ,C,C)
such that, for Rey >> 1, Rev >> 1, for any ¢ € D=M=1({7 C), the
following identity holds:

1ds ds 1
Q[ Is/~ = Ap| = = A Q[ [s[*~¢|  on Vieg.

This comes from consideration of the facts that multiplication with anti-
holomorphic functions commutes with the action of holomorphic differential
operators, and that @ splits as Q[¢] = ¢[¢] Aw, where ¢ preserves the maximal
degree of differential forms (on Vieg) in d¢, and w € 2% (U, C). Let K be the
order of Q. There exist holomorphic differential operators As, As y, le‘gu in
Z);?"fM*l(U, C, C) (the two last ones depending also polynomially on p and
v), such that, for any Re u >> 1, Rev >> 1, for any ¢ € D»"»=M=1)({7,C),

[ul s,

Q[|U\2V|S|2”§<P} TR (C’ac)[]

a2 Js P2 _ 5
+ W(MAS u(M,V C, 8C) + I/.As’u(/lz,l/,c, 54))[@] .

Consider the (0, M + 1)-valued maps

Jul® || [2]*}
(/J,,I/) S {Reﬂ, >> ].,Rel/ >> ].} — [MMBS
A=0
U 2v s 2u h 2X
(n,v) € {Rep >>1, Rev >> 1} — lu% Bs,u(u,l/)] ;
A=0

(9)

where
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(Bor ) = {[Vlreas = A Aule)
Bl 0) = (Vheas 5 A (1At 520+ 0 e ) )

for all ¢ € D»"=M=1)({J,C). We claim that both current-valued maps (9)
extend as holomorphic maps to {Reu > —n, Rev > —n} for some n > 0.
Moreover, the value at u = v = 0 of the first of these maps is annihilated (as
a current) by (Zynsnu)conj, While the value at u = v = 0 of the second one
equals 0.

Let us assume this claim for the moment and conclude the proof of the
theorem. For Re A >> 1, Repu >> 1, Rev >> 1, one has

1ds |n|2A

2v | 120 = A *{ V]:

uhl [P - = A QS5 V]
[ul> |s[ [[** [ul> |s[* [[**

= e Ry, Bt Ry By

(10)

Thus, the current-valued map (4), which can be rewritten because of (10)
(for ReA>>1,Reu >>1, Rev >>1) as

e B

Bs+ 1 uK sK+1p

B (1, v)

)

A=0

|u® s> |n|**
sK+1p

extends as a holomorphic function of (u,v) to {Rep > —n, Rev > —n} for
some 1 > 0, the value at 4 = v = 0 being equal to

s 21 h 2\
) ]
s h =0

pn=0

which is independent of u and annihilated (as a current) by (Zvnsnu)conj-
This proves that 97 fulfills conditions 1 and 2 in Definition 2.

Proving the claim clearly amounts to prove that for any positive integers o, 7,
the (M, M + 1) current-valued map

juf |5 | ds
p———— A

Repu>>1, Repu>>1
{Rep on b uTs%h 5

Vi

A=0

extends as an holomorphic map to {Re A > —n, Reu > —n} for some n > 0,
whose value at ¢ = v = 0 is annihilated by (Zyvnsnt)conj- In order to do
that, we need to introduce a smooth log resolution ¥V = V for the closed
hypersurface W = VN {¢; h({)s(Q)u({) =0} C V. That is, V is an (n — M)-
dimensional complex manifold, 7 is a proper surjective holomorphic map such
that the closed analytic subset W (obtained as the union of 7= (W) with the
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set of points in V about which 7 is not a local isomorphism) is a closed hy-
persurface in V with normal crossings. Such a log resolution can be obtained
applying Hironaka theorem. Let ¢y : V — X be the inclusion embedding.
For any ¢ € D("_]V[’"_]VI_U(U7 C), one can rewrite, using the properness of
7w and a (sufficiently refined) partition of unity (V, p,) subordinated to the

support of (vy o 7)*[p],
a3 B ds
< uTs%h 5" [Vrea @>

as a sum of contributions of the form

2\ d,L n—M d L
(B3 6,55 ) Ane) (vom) [gl(E0).
j=1

S L

| ) [ 5,60 [ |h £
v, u[sth§Z—7L+UﬁL+a"

(1)
where &, = (&,.1, ..., &, n—n) denote centered local coordinates in V,, u,, s,, b,
are invertible functions in V,, and £, &% €% are monomial functions in
the centered coordinates (&, 1,...,&, n—nm) With respective multi exponents
Yos Buya, € N*™M_ The function

IULEZY" |2U|SL£?L |2u|hL§fu |2>\ ds,
hbgz'vﬂraﬁﬁoa 3,

o) — / Ap() (tvom)*gl(€) (12)

T o0
V. u, s,

clearly extends as an holomorphic function of (A, u,v) to a product of half
planes {Re A > —n, Reu > —n, Rev > —n} for some 1 > 0, whose value at
A= pu =v = 0 equals to 0. The reason is that the singularities under the
integral in (12) are only holomorphic singularities. The same remains true if
¢ = hy, where h € Tynsau, since in this case any €, j, j = 1,...,n — m, such
that 3, ; # 0 divides 7*h, which implies that all antiholomorphic singularities
in the term under the integral in (11) are thus canceled. It remains to study
the meromorphic analytic continuation (as a function of (X, u,v)) of

2\ dE

2V‘SL§LﬁL 2M|hL£LaL L,J *
thz’h-l-aﬁd-ou EL,j Ap, (LV ° 7T) [30} (13)

u,&)"
(/\,uﬂ/)Hu/ lu.t

T g0
v, uy 8¢

for j € {1,...,n — M} such that 5, ; > 0. Using integration by parts, one can
rewrite (13) (when ReA >> 1, Repy >> 1, Rev >> 1) as

o X
oA+ Bt + Y.,V
|u é‘% 2V|S EﬁL 2,u|h fo“ 2X 9
- / s i N g A<pﬁ (v OW)*[<P]> '
Vi urs?h,&, €.

We need here to distinguish two more cases.

o If v, ; = 0, the function
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(,v) — | /V |uL£j;f;hi§i|z@7§LQA dé; Apu (v ow)*[@]] -
[T g o]
[ S g )]

extends as an holomorphic function to {Reu > —n, Rev > —n} for some
n > 0.

e Ify,; > 0, one uses a primitive form of a Whitney division lemma, a clever
trick introduced by H. Samuelsson in [27]. The hyperplane of coordinates
{&.; =0} NV, lies in the closed analytic set {(¢y o m)*[s] = (7o vy )*[u] =
0} N'V,, whose image by 7 is included in the (n — M — 2)- dimensional
closed analytic subset of U defined as {u = 0} N.SNV NU. Since any
differential form d(;, |I| = n— M — 1, has a vanishing pullback to SN {u =
0} NV NU for dimension reasons, the (0,n — M — 1)-differential form
(ty om)*[d(;] has a vanishing pullback to {¢, ; = 0}NV,, which means that
(vv om)*[dC,)(€) = €, jwi(€,) for some (0,n — M — 1)-smooth form @; in
V.. Then ¢, ; divides (1y om)*[¢] in V,, which implies that antiholomorphic
singularities under the integral in (13) are canceled. Therefore (13) extends
as an holomorphic function of (A, u, V) to a product of half planes {Re A >
—n, Rep > —n, Rev > —n} for some n > 0.

This completes the proof of the claim, and thus of the theorem.

Proposition 4, together with Proposition 1, implies the following : if
X,V,E, A, s are given as in Proposition 4, then, for all open subsets U C X,

([ lsI*
o([55-7],,) € Maymimrion, 10U Ox(-A) @ B) - (14)

whenever T' € CHy vy (U, E). Note that VX\sTH0) 4 g=1(0) is either purely
(n—M —1)-dimensional or empty, in which last case (14) is somehow irrelevant
since the current on the left hand side is 0. We will need in the next section
the following result, which is by far more involved, that we formulate here
without proof (see [9] for a detailed proof).

Proposition 5. Let XV, E, A, s be as given in Proposition 4. Let S be a
hypersurface in X such that V\S =V and T € CHy yv(X ;%S,E). The
(0, M + 1) current-valued map
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(15
ve{Rev>>1} +— 8(—) NT
S

extends as an holomorphic function to {Rev > —n} for some n > 0. More-
over, one has

2v
[3(==) a7]
S v=0
€ CHy yava10ns-1(0) (X ;xXs.5, Ox(—4) ® E) ;

where Xg s denotes any closed hypersurface in a neighborhhod of V in X,
such that

(VA0 0 571(0)) \ Lgs = VIO 571(0)

and Xg s D SVAsTHO0) A s71(0), SVAsTHO) being the union of all components
of S whose intersection with V' does not lie entirely in VX\sTH0) s71(0).

5 Essential intersection and Coleff-Herrera original
construction

Let X, V, E, S be as in Proposition 5. Let also A; be a Cartier divisor on X,
equipped with a hermitian metric | | and s; be an holomorphic section of A;.
Propositions 4 and 5 imply that any global section 7 € CHy v (X ; %S, E)
splits into the sum of an element from CHX ) (X ;%S, E) and an element

in CH;{,VX\STI“” (X ; %S, E). That is

T=|(1- \51|2A1)T]A1:O+ [\51|2*1 T}A Tsrr0) T Tvsyio) - (19)

1=0 -
(see also [4]). We remark that this splitting is independent of the choice of
the metric on A;. To be more specific, suppose that

-t

where s is a holomorphic section of a Cartier divisor A, h is a holomorphic
section of a Cartier divisor D, and Q € D%" M (X, E* ® Ox(A), D) (see
Examples 1 and 2). Then, for any test function in C2°, (X, E*), one has
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(Ju- |S1|%>TL: ,¢> -

|5 etFe-ned] ] ]
[ @*[*5‘5” 1.

Furthermore

|2>\1

[5<|8131 ) },\1 0 { <|51 )A,T‘X\Sfl(o)},\lzo (16)
S CHX,VI (X ,*Poll,Ox(— 1)®E),

|2)\1

Ql

where V; stands for the closed analytic set VX\Sl_l(O)ﬂsfl (0) and Poly denotes
a closed hypersurface in X' satisfying Vi \ Pol; = V;. Note that (15) can
be understood as the pendant (at the level of meromorphic Coleff-Herrera
currents) of the gap sheaf operation in intersection theory (see e.g. [23]).
Namely, the splitting of the cycle [V] corresponding to V as the sum [V]*1 '(0)
of its components whose supports lie completely in the hypersurface sfl(O),
and the sum [V]X\Sfl(o) of the other ones. On the other hand, the wedge
product operation (16) can be understood as the pendant (at the level of
Coleff-Herrera currents) of the proper intersection product between two cycles
whose corresponding supports V¥ \s1 ') and sfl(O) intersect properly.

Given an ordered collection Aq, ..., 4,, of Cartier divisors, with m <n — M,
together with respective holomorphic sections sy, ..., $,,, the operation (16)
can be iterated because of the iterative process, initiated with 7o = 7 :

7= ()07, = D) T 02 <

When this procedure is carried up to the end, one gets

T € CHy (yrs= 0y s (0))on (x xPol,, \ Ox(~4)) ® E)
1

where V N s71(0) N --- N s;,1(0) = Vis[s] stands for the essential intersec-
tion (see e. g [14]) of V respect to the ordered sequence of hypersurfaces
5710, ..., 5,;,1(0). If Ty = Ty € CHx v (X, E), then the current 7, is a global
section of the Coleff-Herrera sheaf CHy v, .(5)(-, A" Ox(—4;) ® E).

One could consider as well (as in [21]) the A}" O(—A;)-valued current
Rs1%m A [V] (which is 0-closed) obtained, btartlng from R A [V] = [V],
through the inductive procedure
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| 55>

RIS A [V] = [5( ) AR5 A [V]] . 0<j<m.  (17)

S] =

This point of view was introduced in a slightly different form in [14]. The
authors consider there a (p,0) semi-meromorphic form w on a complex space
(V, Oy ), with poles along the union of a finite number of reduced hypersur-
faces S1, ..., S, of V' (taken in a prescribed order). They construct on (V, Oy)
a (m, p)-residue current Rg,, . g, [w] with support the essential intersection
(S1 NN Sp)ess- Note that the residual objects defined in [14] are intrin-
sic with respect to the complex space (V,Oy ), that is, independent of the
embedding ¢ : V — X. The construction proposed here and that in [14]
are of course related : besides the fact that our currents are treated here as
(M + k,M + p) currents, 0 < k < m, in the ambient manifold X instead
of (m,p) currents on the complex analytic space V', the main difference be-
tween the two approaches is that the singularities 1/s; in (17) are isolated
from local expressions for the denominator of w.

In the particular case where there exist holomorphic bundles Fjy, ..., Ef, on X
such that the integration current [V] can be expressed as

L
V1=> TioAw,
=1

where T; g € CHy v (X, E;) and w; € Q;L[M(X, E}) (which occurs for exam-
ple, when one restricts X to some relatively compact open subset. When X
is Stein and Ox /Iy, is Cohen-Macaulay about each point z € V, see [3],
Example 1), then one can factorize R°1m A [V] as

L
R V] = 3T e 1s)
=1

where each T} ,,, is some (A]" Ox(—4,)) ® E; valued Coleff-Herrera currents
(with respect to Vegs[s]) which is a pole-free Coleff-Herrera current. Factor-
ization (18) remains valid in general, but one needs to tolerate then poles in
the Coleff-Herrera sections 17 .

In conclusion, we claim that the results presented here (within the robust
frame of analytic continuation), together with the geometric formalism of
intersection theory (where the role of integration currents on cycles is played
by global sections of Coleff-Herrera sheaves), should be a starting point to
attack division or duality problems with methods inspired by those used in
intersection theory.
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