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Snapshot Proper Orthogonal Decomposition Flow configuration 1

Input data set

Cylinder wake flow - DNS
DNS code ICARE - IMFT
Re = 200

N; = 100 snapshots corresponding
to 1 period of vortex shedding (1, ~ 6)

x € ()
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Snapshot POD Spatial eigenfunctions 1
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L 6 POD modes represent 99.9% of the flow energy.
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POD Reduced Order Model Galerkin projection (GP) 1

@ POD Reduced Order Model (component 2)

/ Ngal gal Ngal
CLFOM( ) CGP + Z LGP ROM _|_ Z Z ng CLROM ) kROM(t
(Pc) 4 =1 j=1 k=1
La; M (0) = a“P(0)

where
ai PP (1) = (u(t) — um(t), ®i)q

are the POD temporal modes.

@ Integration in time (4th order Runge-Kutta)
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POD ROM with no calibration 1

Comparaison des modes temporels
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=> The accuracy of the POD ROM is not perfect.
Temporal amplification and phase shifts.
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Some explanations of the reconstruction errors 1

@ Structural instability of the Galerkin projection (lollo 2000, Rempfer 2000, Noack et al.
2003)

@ Galerkin truncation: dissipative scales neglected

©

Pressure contribution or boundary terms not (correctly) evaluated

@ Incompressibility hypothesis not verified (experimental data).

=> \We need to calibrate the POD Reduced Order Models
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POD ROM calibration Notations (1) 1

POD Reduced Order Model (component 7)

gal gal Ngal
ROM C i Z Llj ;%OM _I_ Z Z ng aROM ) ROM(t)
1=1 k=1
f(CzaLz Qi a"oM(t)) = fi(yi,a™ @M (1))
Yi
[ G )
L
where y; = Lin,., c R¥ei with N, = 1+ Nyar + Ng“l(]ggalﬂ).
Qill
K QiNgalNgal )
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POD ROM calibration Notations (2) 1

@ POD Reduced Order Model (vectorial notation)

where

[0 [

\ fNEgal ) \ yzv:gal /

with Nc — NgalNcZ- = Ngal (1 + Ngal i Ngal(]\zfgal+1)>.

Q

When {C, L, Q} = {CYF, LG Q%F} then we note f = £f&F
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Objective of the calibration A natural definition for the error 1

@ State calibration method or "Floquet calibration" (Noack)
e(l)(f, t) = al?P(t) — aliPM(t) € RNoa

@ Norm
Vz € RNgal we define HZH?\ = ZTAZ with A = RNgalXNgal

T, Ny
@ Time average operator (g(t))7, = / g(t)dt =1/N, Z g(t)
0 k=1

@ Natural minimization problem

Minimize (||e(Y) (£, t)[|2 )7, with a®®M solution of the Cauchy problem

Po) alf oM (t) = f(y,a "M (1)),
aROM(O) _ aPOD(O).

This is a non linear constrained optimization problem !!
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Constrained optimization problem Optimality system for A = [ Ngal1

Q

gG,

l

2

Qe ()3, ), zz POD(1,) — gFOM (1))
k 1 =1

@ Ex: LetC; and L@-j be the calibration coefficients. We determine:
1. adjoint equations

dz Ngai Ngai
o ZLJZ@ Z E5(1) (Qyir + Qi) alOM (1)

—2(a ROM (1) — aPOD(t)) avec &(T,) =0

1

2. optimality conditions

T, T,
/ E(t)dt =0 et / &()al M () dt =0
0 0

@ Problem solved:
Q@ iteratively in Bergmann (2004) and Galletti et al. (2004)
L Q@ in one shot (pseudo spectral method) in Galletti et al. (2007)
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POD ROM with calibration
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Pseudo spectral method (one shot) 1
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Two another definitions for e  Suppression of the non linear constraint 1
@ After integration in time of the state equations, we obtain:

/ | &ROM (1) gr — aFOM (1) _ aPOD () — / ' £(a"OM (7)) dr

— eM(f, 1) = alOP (1) — aPOP () — / t £(afiOM (7)) dr

@ State calibration method with at0M — g oD

J/

e(2) (f,t) _ ?POD(t) o aPOD(O) . /Ot f(aPOD(T)) dr

e(2)(0,t)
@ Flow calibration method or "Poincaré calibration" (Noack)

% (e(l)(f7 t)) _ élPOD(t) . f(aROM(t)) and aliOM __, oPOD

— e(f,1) =a"?P (1) —£(a" " (1))
N———r
L e(3)(0,t)
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Some comments on e® Case \ = ]Ngaz1

Q

ga

Nle® (.13, . ZZ 1POP (1) — filaFOP (1))

@ Problem solved:
@ in Galletti et al. (2004) for C' and L

@ in Favier (2007) for

1. C
2. C'and L
3. eddy viscosities 1; (see Bergmann 2004)

@ in Bourguet et al. (2007) for C' and L

@ Buffoni et al. (2008) suggested to minimize the model prediction error in the H?' norm

TO To TO
/ a; dt = C;T, + Ly / a; dt + Qijn / ai ay, dt
0 0 0

T, T, To T,
/ af a dt = C; / aj dt+ L;; / a a; dt—|—Q@jk/ afakpalp dt
0 0 0 0

It can be shown that this method is equivalent to the minimization of e(®),
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L? error for different calibration methods 1
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=> For the first two modes, minimizing e is petter than e(3),
L Error increases with the POD modes.

POD Workshop 2008/04/02 — n.13/27



Minimization problems for e® and e®® affine case | I

@ e and e® are affine function of f i.e. ofy € R¥Ne . We introduce the application:

e(i)(-,t) : RNVe 5 RNVgal
y — E® (t)y + el?) (0,t)  with E(i)(t) c RNgarxNe

EA(t)y = — / t f(aPOP (1)) dr and E®(t)y = —£(alOP(t))

@ Minimizing 79 (f) = (||e®(f,t)|| )7, for i = 2 or 3 is equivalent to solve the linear
system:
Ay = p®)
with
AW = (EDTHAED (1)) g, € RNe*Ne
and

b = (EOT(1)Ae(0,¢))r. € RV:
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Comparaison des modes temporels
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ag(t)
=> Divergence in the time integration.
AB) s ill conditionned.
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Discrete Picard condition and filter factor Error 3 1

@ Using the SVD decomposition of A() (A() = UXVT = > i u;o;vil), we show
that:

1

T T .

y = —u; bv; = E h;—u;” bv; with h; =1
- 3 j juJ 5 Wi j

@ Picard plot

=> For j ~ 80, 0 decay faster than the Fourier coefficients uij.

L How can we regularize the solution?
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Regularized solution Change of the optimization problem (1) 1

@ Following Couplet (2005), we introduce a new functional:

T.D(E) = (1 — )ED(£) + oD (f)

with
ey eOEDR)r, T
(le@(ESF OIX)r,  TO(EF)
and I
oY L
PO = Teerye
@ Norm

VE(y) € RVoe! we define ||f||% = y Iy withII € RY<*Ne andy € R™e

@ « € [0; 1] is a new constant to be tuned.

=
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Regularized solution Change of the optimization problem (2) 1

@ Minimizing J, (V) (£) for i = 2 or 3 is equivalent to solve the linear system:

Ay — 1)

with
. 1 — « : «
AW = AW 4TI
(le@(EEP 1) ||13)T, 1£47 |15
and
. 1 — « : 8}
bl) = b + —— __TIy“F
(le@(£CE, ))1%) T, 1£4P |15

@ Open questions:
1. How can we choose « optimally?

2. How can we use this approach for experimental data (no Galerkin Projection
coefficients available)?
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POD ROM with calibration of C, Land Q «a = 0.001 (error e'®
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POD ROM with calibration of C, L and Q Influence of a (error e'?)) 1
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=> Error increases with value of «.
The choice of « is difficult: compromise !!
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Reqularized solution Tikhonov regularization 1
@ For Ax = b, the regularized solution is:

x, = arg min{||Ax — b||* + p||x||*}  where p s a regularization parameter.

=> Regularization can be understood as a balance between two requirements:
1. x should give a small residual Ax — b

2. x should be small in L2 norm.

@ This problem is equivalent to solve:
(ATA + ,0[) X, = Ao

@ Using the SVD decomposition of A, it can be shown that:

n 2
_ Oj T T 9
X, = Jzz:l %UJ bv; = Z h; uJ bv; with h; (7? o

@ pis based on the L-curve (Hansen, regularization tools).

=
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Principle of the L-curve 1

\‘\Less filtering

log ||x||2

More filtering

log ||Ax — bl|2
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POD ROM with calibration of C, L and @ Tikhonov regularization (e'®
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Regularized solution 1
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L? error for different calibration methods 1
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=> For the first three modes, errors are similar.
I For e(l), error increases with the POD modes.
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Conclusions and perspectives 1

@ Conclusions (simple dynamics)
@ Minimizing ell) (constrained optimization) or minimizing e(3) with regularization
strategies is equivalent for the first POD modes.

@ For the higher POD modes, it seems better to minimize e with a regularization
strategy.

@ Perspectives

@ Extend this work to more complex dynamics
@ 3D plane mixing layer or cavity flow (Comte P.)
@ experimental PIV data of a turbulent boundary layer (European project Wallturb)
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Questions ???
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